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The effect of roughness on the reflect ion of molecules of a low-densi ty gas f rom the surface 
of a solid is studied. An express ion  is derived for the t r ans fo rm for a single reflection 
f rom a homogeneous roughness which permits  simple p rogramming  for a computer .  A s im-  
ple approximation to this express ion is considered which is applicable over  a broad range of 
roughness pa ramete r s  and of gas-molecule angles of incidence. Based on this approximation,  
the angular distr ibutions of ref lected molecules are  calculated and a compar ison is made with 
s imi la r  distr ibutions taken f rom [1]. 

The resul t  of an interact ion between molecules of a low-densi ty gas and the surface of a solid for a 
given incident velocity u2 is charac te r i zed  by a molecular  density distribution F with respec t  to the re -  
flected velocities u 2 (Fig. 1). Because of the roughness,  reflection of molecules f rom the surface may occur  
af ter  one, two, o r  more  coll isions with microprojec t ions .  The quantity F is therefore  conveniently r ep re -  
sented in the fo rm [1] 

F ---- ~ F ~  

where F n is the density distr ibution for molecules reflected af ter  n-fold collisions with microproject ions  
( t ransform for  n-fold reflect ions) .  Ordinari ly ,  it is sufficient to know only the f i rs t  t e rm F1 of this ser ies  
since molecules undergoing more than one coll ision adapt pract ica l ly  completely to surface conditions. 

The problem of the effect  of roughness on the s t ruc ture  of F1 (for a known law F 0 for the reflection of 
molecules f rom an ideally smooth surface) has been discussed in the l i tera ture  mainly in a simplified form 
where the roughness was assumed  slight (small slope variance a t  2) and isotropic ,  and the reflect ion law F 0 
was assumed specular .  A more  complete study of the s t ructure  of F2 was given in [1] ,where the general  
problem of reflect ion f rom a homogeneous isotropic  surface was discussed and a simple approximation was 
proposed for  the case of normal  slight roughness (~r t ~ 0.3) and angles of incidence 02 not close to 90 ~ The 
asymptote of FI for 02 ~ 9 0 ~  and ~ t ~ 0  was d iscussed in [2]. In other  cases ,  however,  the solution obtained 
in [1] is in ext remely  cumbersome fo rmand  hard ly  suitable for numerical  calculations.  In addition, it fails 
to take the anisotropy of real  sur faces  into account.  

In order., to obtain a more  convenient general  express ion for  F1 which would also take into account  
surface anisotropy,  we consider  the following method for determination of the desired t r ans fo rm.  

Let a gas molecule undergo a single interact ion with the surface of a solid; i .e. ,  the following events 
occur  (Fig. 1): A) free flight of a molecule at  a velocity ul along the ray MO f rom infinity to some point O; 
B) interact ion with the surface in the neighborhood of point 0; C) the surface in the neighborhood of point 
O is oriented with its normal  within the e lementa ry  solid angle dco 0 = sin 00d00d~0; D) reflection f rom the 
surface at a velocity u 2 in the interval  du2; E) free flight along the ray  ON f rom the point O to infinity. 
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The de s i r ed  t r a n s f o r m  is then found f r o m  the e x p r e s s i o n  [1] 

go ~ - o o  qoo O0 

where  p(ABCDE) is the probabi l i ty  of  the p roduc t  of  the events  men-  
t ioned above.  The l imi t s  of in tegra t ion  with r e s p e c t  to the angles  ~o 0 
and 00 a r e  d e t e r m i n e d  by the ini t ia l  condit ions and depend on the ang les  
~Pl, r 01, and 02. In the app rox ima t ion  [1], they were  a s s u m e d  to be,  
r e s p e c t i v e l y ,  (0, 27r) and (lr/2, ~r) fo r  s impl i c i ty ,  but  this l imi ted  the 
r eg ion  of  appl icab i l i ty  of  the approx ima t ion  to the ang les  01 ~ 105~ 
E x a c t  values  of the l imi t s  can be found f r o m  g e o m e t r i c  cons ide ra t i on  
of  the p r o b l e m , w h i c h  leads  a f t e r  a n u m b e r  of t r a n s f o r m a t i o n s  to the 
fol lowing re su l t :  

3 ~b ~ 0b~ 

�9 o "0o i ~ I  ~ H  ~ 0/-~ ~ 

(2) 

ctg 0n ct --  
% + arc tg [sin (~2 -- ~1)ctg O, --  g (% Tt)] 

q~Ht = %3 _ 2n = ctg 01 ct - -  
q)2-- n -F arctg [sia(~l--%)ctg02 --  g(qD1 q)2)] 

[~o 1 + zr / 2 for %. > q0i 
q)H2 = q)bl  = qO 2 --  ~ / 2 for q)z < q)i ' 

{ ~o2 + ~ / 2  for q~2 > Tl 
q~I /3=%2= qD i - n / 2  for % < %  

OH 1 = OH 2 = 0 H  3 = 0 

--  arc tg ctg 01 
0b~= [ cos (% -- q~l) ] for T ~ > T i  

[ ctg02 ] 
--  arc tg cos ((p0 -- ~) '  for T~ ~ Tt 

Oh2 = - 2 -  

for q)2 > q~ 

for q)2 < q)x 

0b 3 is d e t e r m i n e d  by the e x p r e s s i o n  for  0b 1 with r e p l a c e m e n t  of the condit ion ~2 > ~Pt by r < r and 
vice  v e r s a .  

We now c o n s i d e r  the funct ion inside the in teg ra l  s ign in Eq. (1), a s s u m i n g  that  the or ig ina l  su r f a c e  is 
a t h r e e - d i m e n s i o n a l ,  an i so t rop i c ,  d i f fe rent iab le  r a n d o m  field ~ (x, y). This function can be r e p r e s e n t e d  in 

the f o r m  

p (ABCDE) = p (A) p (E I A) p (B I AE) p (C I A E B ) p  (D ] AEBC) (3) 

whe re  P(#I v) is the condi t ional  probabi l i ty  for  event  # under  the condit ion event  v has  o c c u r r e d .  Fol lowing 
[1], we cut  the su r f a c e  by a d ihedra l  angle having the ve r t ex  0z and faces  tha t  pass  th rough  the r a y s  MG 
and ON. The s tochas t i c  function 

is then f o r m e d  in the sec t ion .  

Le t  f ( t )  be a spec i f ied  cu rve .  

~(tcosq)i, tsinq)i) for t < 0  
(t) = ( ~ (t cos %, t sin %) for t > 0  (4) 

We then in t roduce  ano the r  function 

i ,  if ~ ( t ) > / ( t )  (5) 
6(t)= 0, if ~(t)</( t)  

and denote by S(t4, t 2) an event  where  the funct ion 6(0 = 0 in the in t e rva l  (tt, t2); Pn(tt, t2) is the probabi l i ty  
tha t  the funct ion 6(t), being in the z e r o  s ta te  at  the t ime t 1, changes  i ts  s ta te  n t imes  by the t ime t 2. Using 
this notat ion,  one can  wr i te  
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po(tz, t + At)= po(t~, t)-- Po(h, t) ~ p,~it, t-t-AtiS(tx, t)l (6) 

Since the function ~ (t) is  d i f fe ren t iab le ,  the function 5 (t) will  be o rd ina ry  and in the smal l  in te rva l  At 

~, p. It, t + zxtl s ( t .  t)l = pdt, t + At] S (t~) t)l --}- 0 (At) = 
~t=l 

= d [t[ S (q, t)[ At -[- 0 (At) (7) 

where  d[t [S(tl, t)] is  the condit ional  probabi l i ty  dens i ty  for an excurs ion  of ~ (t) through f( t )  a t  the t ime t 
for  the condit ion S(ti, t). Subst i tut ing Eq. (7) into Eq. (6), we have 

po (tl, t + At) -- p0 (tl, t) at = - -  Po (tt, t) {d It{ S (q, t)l + 0 (1)} 

Let t ing  At ~ 0 ,  we obtain a d i f fe ren t i a l  equat ion f rom which we find 

Po(tl, te)=exp{--ld[tJS(tl ,  t)]dt ~ (s) 

In pa r t i cu la r ,  if }(t) is  a Poisson  p rocess ,  d[t[S(tl ,  t)] = d(t), and Eq. (8) takes the fo rm 

t2 

po(tx, t2)= exp [-- S d(t)'dt] 
Q 

In the gene ra l  case  [3] 

T 
d it I S (tl,/)1 = f p [] (/)' ~ (t) l S (tl, t)] [~ (t) -- } (t)l d~ (t) 

i (t) 
(9) 

where  the dots indicate  d i f fe ren t ia t ion  with r e spec t  to t, and p[f(t) ,  } (t) 1S(tl, t)] is the condit ional  dens i ty  of 
t h e  joint  d i s t r ibu t ion  of ~(t) and ~'(t) for  the value }(t) = f ( t )  and the condit ion S(tl, t). 

We now a s s u m e  that  the function f ( t )  de sc r ibes  the t r a j e c t o r y  of a gas molecule ,  i .e . ,  

tctg01 for t ~ 0  
/ (t) -- ~ !0) -4- tctg02 for t ~ 0  (10) 

Consider ing  Eqs.  (8)-(10), we then obtain 

0 r 

p ( A ) = e x p { - -  I i p[](t),~(t)[S(--oc, t)][~(t)--ctgO1]d~(t)dt} (11) 
- - ~  c t g 0 ,  

p(E I A ) = e x p { -  S f p [ / ( t ) ' { ( t ) l S ( - ~  
0 c t g e ,  

(12) 

p(Bj AE) = ~ p [1(0), ~(0)] S(--  ~r 0), S(0, ~)][~(0) -- ctg01] d~(0) 
c t g  Ot 

(13) 

We next cons ide r  the probabi l i ty  p(CIAEB)~ It is 

X 9 I~x(O), ~u(O)lS(-- ~ ,  0), S(O, oc), ~(0)] d~(O)d~u(O) 
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where  

~ (o) = o~ (~,_____~) I , ~ (o) = o~ (~, y) l 
ax ixfv___ ~ Oy Ix-~v=o 

T r a n s f o r m i n g  to the s p h e r i c a l  coo rd ina t e s  00 and ~90 
r e m e m b e r i n g  

~ (0) = --  tg 00 cos %, ~ (0) = - -  tg 0o sin % 

w.e obtain 

and 

p [~ (o ) ,  ~,(0)1 s ( -  oo, o), s (o ,  oo), ~(O)l ~ - - - ~ - ~ o a ~ o a % ~  • p (Cl A E B )  = 

s i n  0o . ^  . xp [~(0), ~v(0)l s ( -  ~,  o), s(0, ~), ~(o)1 ~ a O o ~ %  (14) 

The r eg ion  of in tegra t ion  for  the angles  00 and ~o0 in this equat ion a g r e e s  with tha t  in Eq. (2). If  the 
funct ion ~(x, y) is no rma l ,  

~ : ( ~ ) ~ z ' ( ~ ) ~ S ( - ~ ) ~ S ( ~ ) ~ ( ~ ) ] = p [ ~ ( ~ ) ~ s ( -  ~ ) ~ s ( ~  ~ ) ~ p ~ ( ~ ) ~ S ( - ~ ) ~ S ( ~  ~)~ (15) 

and Eq. (14) is c o r r e s p o n d i n g l y  s impl i f ied .  

Final ly ,  the las t  f a c t o r  in Eq. (3), the p robab i l i ty  p(D] AEBC),  has  the f o r m  

p (D 1AEBC) = Fodu 2 = Fou, ~ du, sin 02d.o, dr (16) 

where  the r e f l ec t ion  law F0 is a s s u m e d  known. 

Equat ions  (1)-{4) and (10)-(16) comple t e ly  define the t r a n s f o r m  FI; howeve r ,  it is  s t i l l  unsui table  fo r  
n u m e r i c a l  ca lcu la t ions .  The main  di f f icul ty  is in the ca lcu la t ion  of  i n t eg ra l s  such a s  

z = ~ p [I (t), ~ (t) I s (T)][~ (t) --  !(t)] d~ (t) (17) 

w h e r e  T is some  in te rva l  p r eced ing  o r  fol lowing the t ime t. We use the fol lowing app rox ima t ion  to evaluate  
such  in t eg ra l s .  F i r s t ,  we l im i t  the magni tude  of T to the c o r r e l a t i o n  i n t e rva l  T k. This is p e r m i s s i b l e  be -  
cause  by def ini t ion [4] any two sec t ions  of  the s t ochas t i c  funct ion } (t) s e p a r a t e d  by an i n t e r v a l  T > T k can 
be c o n s i d e r e d  independent  of one ano the r .  Second, we r ep l ace  S(T) by the condit ion ~ (t) < f ( t )  a t  a finite 
n u m b e r  of points  t i E T, i = 1, . . . ,  n. Without conce rn ing  o u r s e l v e s  about  the op t imal  choice of these  points ,  
we shal l  a s s u m e  they a r e  equid is tan t  f r o m  one ano the r ,wi th  the f i r s t  point co inc id ing  with the beginning of 
the in te rva l  T and the l a s t  point coinciding with the end of the in te rva l .  The in tegra l  (17) is then wr i t t en  in 
the f o r m  

I ~ ~ p [1 (t), ~ ( t ) [S  (t~, i = t - -  n)l[~ (t) --  ]'(t)] d~ (t) = 
l (t) 

! (tl) l (t n) oo ! (q)  

- -oo  - -oo  l (0  -- r  

f q n )  

" "  S 9 [/(t), ~ (t), ~ (tl) . . . . .  ~ (t~)][~ (t) - -  ? (t)] d~ (tn) ... dE (tl) d~ (t) (18) 
--co 

t~=tl--T(i--l)/(n--t), r<~Tk, i = l - - n  

By making  the n u m b e r  n suff ic ient ly  l a rge ,  the e r r o r  r e su l t i ng  f r o m  the r e p l a c e m e n t  of Eq. (17) by 
Eq. (18) can be r educed  to p r a c t i c a l l y  z e r o .  T r i a l  ca lcu la t ions  indicate  that  the n u m b e r  n fo r  ac tua l  s u r -  
f ace s  o rd ina r i l y  is no g r e a t e r  than 10 for  a r e l a t ive  e r r o r  of 10%. The case  n = 1 , w h e r e  the condit ion S(ti, 
i = 1, . . . ,  n) r e d u c e s  to S(t0,  is of p a r t i c u l a r  i n t e re s t .  R e m e m b e r i n g  that  the t ime tl d i r e c t l y  p r e c e d e s  o r  
fol lows the t ime  t, we then have 
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l(h') ~ t (q') 
z - i  

I =  l imt  i p[~(t , ' )]d~(t , )  } .5 I p[/( t) ,<(t) ,~(t , ' )]  
t~ '~t  L ~_~ 

- -  f (0 - - ~  ./ (~,,) 
d~ (t~') d~ (t) = lira p [] (t)l 0 [~ (t()] dg (t~') x 

t x '~ t  --oo 
,,~ ! (tV) 

• I S p [~ ( f l ' ) l l  (t)l p [~ (t) i[ (t), ~ (t,')l d~ (t,') d~ (t) 
l (t) - - ~  

The condi t ional  dens i ty  p[~ (tx')If(t)] conve r t s  into the 5 -  
funct ion 5[~ ( t ) - f ( t ) ]  fo r  t~' ~ t ,  and Eq. (18) takes  the f o r m  

where  

Fig.  4 

] ( 0  - 1  ~ 

--~ l (t) 
(19) 

If the funct ion ~ (t) is n o r m a l ,  p[~'(t)If(t)] = p[~'(t)] and Eq. 
(19) is c o r r e s p o n d i n g l y  s impl i f ied .  Taking  Eqs .  (1), (3), (11)- 
(17), and (19) into account ,  i t  is  e a s y  to obtain the fol lowing ex-  
p r e s s i o n  for  the d e s i r e d  t r a n s f o r m :  

(r162 + 5 o - ( -  
sinOo exp ~ tg~O---2%[ c~ + " (20) 

ctg O~ ctg 03 2 �9 (o> 

and ~ 2 ,  ~y2, ~tl2, and ~t22 a r e  the v a r i a n c e s  of the s lopes  [i .e. ,  the v a r i a n c e s  of the  de r iva t ive  ~'(t)] along 
the x and y axes  and in the d i r ec t i on  of  the f l ight  of a molecu le  be fo re  and a f t e r  co l l i s ion  with the s u r f a c e .  
Note tha t  if the x and y axes  coincide  with the p r inc ipa l  d i r ec t ions  of  the r o u g h n e s s ,  the va r i ance  of the 
s lopes  in an  a r b i t r a r y  d i r ec t ion  t is e x p r e s s e d  through the v a r i a n c e s  (rx 2 and O-y 2 by the r e l a t ion  [5] 

~12 _=_ ,~x2 cos ~ ~2 ~ %2 sins ~ (21) 

whe re  r is the angle  be tween the d i r e c t i o n  t and the x ax is .  

Thus the d e s i r e d  t r a n s f o r m  is c o m p l e t e l y  d e t e r m i n e d  by a s s i g n m e n t  of the v a r i a n c e s  (~x 2 and cry 2 
and by the ini t ia l  angles  of  inc idence  (P1 and 01. 

The a p p r o x i m a t i o n  (19), (20) is appl icable  in those c a s e s  where  the t r a j e c t o r y  of  the molecu le  s a t i s -  
f ies one of the two condi t ions :  

1) [ / ( t ) / ~ t l  ~ 2 (since for  f ( t ) / ~ t  ~.  - 2 ,  the events  S(ti, i = 1 . . . . .  n) and S(h) o c c u r  s i m u l t a n e o u s l y  
with a p robab i l i ty  c lose  to one,  and f o r / ( t ) / ~ t  ~ 2, the in t eg ra l s  (18) and (19) a r e  p r a c t i c a l l y  z e r o  r e g a r d -  
l e s s  of the events  ment ioned);  

2) the angle of inc idence  01 is c lose  to 90 ~ (since in this case  the molecu les  would col l ide with the 

l(t~) i 
peaks  of  the r o u g h n e s s e s  and in t eg ra l s  such  as 5 can  be r e p l a c e d  by �9 Actual ly ,  this  means  that  fo r  

- - c r  - - ~  

such inc idence  of  the molecu le s  the s t o c h a s t i c  funct ion ~ (t) can be c o n s i d e r e d  as a o n e - d i m e n s i o n a l  Po i s -  
son p r o c e s s  which a g r e e s  with the t heo ry  of  h i g h - o r d e r  e x c u r s i o n s  [6]). 

Thus the re  is a v e r y  l imi ted  r eg ion  [ ] ( t ) / ~ t ]  ~ 2 where  the app rox ima t ion  0 9 ) ,  (20) l eads  to e r r o r .  
If the r o u g h n e s s  is s l ight ,  this r eg ion  is s m a l l  and has  no p r a c t i c a l  e f fec t  on the ca lcu la t ion  of  i n t eg ra l  
c h a r a c t e r i s t i c s .  Rough ca lcu la t ions  have  shown that  in the case  of s e v e r e  roughness  (~t - 1) an e r r o r  of 
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10% or  l ess  is introduced into such in terac t ion  cha rac -  
t e r i s t i c s  as  the probabi l i ty  of single ref lec t ion and the 
accommodat ion  coefficients for  momentum and energy .  
In addition, the e r r o r  mentioned tends to ze ro  when 
01 ~90~  and the approximat ion  (19), (20) becomes  a p -  
pl icable for  any roughness .  

F igures  2-6 give computed r e su l t s  obtained f rom 
Eq. (20) for  cases  where  the ref lec t ion law F 0 is specu la r  
{Figs. 2-5) and diffuse (Fig. 6). 

The f i r s t  two f igures  show the dependence of the 
quantity F1 on the ve r t i ca l  angle of incidence 01 for  an 
i s . t r o p i c  su r face  with va r i ances  (rt 2 = 0.01 (Fig. 2) and 
crt 2 = 1 (Fig. 3). As is c l ea r ,  the sca t t e r ing  curve bea r s  
less  r e semblance  to specu la r  ref lec t ion  as the var iance  
i n c r e a s e s  and begins to develop "sp ikes"  in the di rect ion 
of the incident flux. In that case ,  the m a x i m u m  spike is 
observed  for  those pa r t i c les  which are  incident oa the 
sur face  perpendicu la r ly  to the cen t ra l  line of the slope 
of the roughness  in the di rect ion of incidence.  

Figure 4 shows the effect  of an iso t ropy  on the t r an s -  
fo rm FI. It  shows the ref lec t ion curves  with r e sp ec t  

to the az imuthal  angles ~P2 for  the case  of ve r t i ca l  incidence of par t i c les  on a weakly an iso t rop ic  sur face  
( a x / ~ y  = 1.2). For  b e t t e r  visual izat ion,  the quantity F1 = F1 (02, ~o2) is r ep laced  by the expres s ion  

2~ 

(e,, %) / (o,, +,) d% 
�9 0 

It is c lear  that for  the case  of an i s . t r o p i c  sur face  ( ~ x / a y  = 1) such a normal ized  t r a n s f o r m  should 
be r ep re sen t ed  graphica l ly  by a pe r fec t  c i rc le .  As is c l ea r  f rom the f igure,  this c i rc le  begins to elongate 
along the d i rec t ion  of m a x i m u m  var iance  when anisot ropy appea r s ,wi th  the elongation becoming increas ing ly  
g r e a t e r  as the angle 02 i n c r e a s e s .  As the anisot ropy i n c r e a s e s ,  this elongation in tens i f ies ,  and the quantity 
Fq~ for  any angles 02 ;~ 7r/2 approaches  a ha l f - sum of 6-functions:  0.5 [5 (~02) + 5 (~o2-~r)]. 

S imi lar  re la t ionships  a r e  also obse rved  when the ref lec t ion law F 0 is diffuse; however ,  the effect  is 
considerably weaker .  

F igures  5 and 6, r e spec t ive ly ,  show a compar i son  of single ref lec t ion curves  for  specu la r  and diffuse 
ref lec t ion  laws F0 calculated f rom approximat ion  (20) and f rom [1] (dashed line). For  s impl ic i ty ,  the case  
of a molecule  ver t i ca l ly  incident on an i s . t r o p i c  sur face  was se lec ted .  The quantity F1 was rep laced  by the 
normal ized  express ion  

Po = F 1 (02, q)2) / F1 (0, q)2) 

As is c l ea r ,  d ivergence  between the approximat ions  begins at  p rec i se ly  those values of a t for  which 
the approximat ion  in [1] becomes  inappl icable .  

Using Eq. (20), one can calculate  the probabi l i ty  of single ref lect ion,  the accommodat ion  coefficients  
for  momentum and energy ,  and other  ae rodynamic  p a r a m e t e r s .  

1 .  

2. 

3. 

4. 
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